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Abstract
Using the estimates of character sums over Galois rings and Cohen’s sieve, we prove that
there exists a primitive polynomial f ðxÞ ¼ xn  a1xn1 þ?þ ð1Þnan over Fq of degree n
with the ﬁrst three coefﬁcients a1; a2; a3 prescribed when nX8:
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let Fq be a ﬁnite ﬁeld with q ¼ pk elements where p is a prime number and k a
positive integer. A monic polynomial f ðxÞAFq½x of degree n is called primitive
polynomial if the least positive integer T such that f ðxÞjxT  1 is qn  1: One of the
basic problems in computational number theory is to investigate the distribution of
the primitive polynomials, that is, whether there exists a primitive polynomial with
one coefﬁcient or several coefﬁcients prescribed in advance. Based on various tables,
Hansen and Mullen [10] proposed the following conjecture about the distribution of
primitive polynomials with one coefﬁcient prescribed.
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Conjecture 1 (Hansen–Mullen). For any given element aAFq; there exists a primitive
polynomial f ðxÞ ¼ xn  a1xn1 þ?þ ð1Þnan of degree n with the mth ð0omonÞ
coefficient am ¼ a except that
ðq; n; m; aÞ ¼ ð4; 3; 1; 0Þ; ð4; 3; 2; 0Þ; ð2; 4; 2; 1Þ:
For m ¼ 1; Hansen–Mullen conjecture is true by the work of Davenport [3],
Moreno [15], Jungnickel and Vanstone [11], and Cohen [1]. For m ¼ 2; Han [6,7]
proved that Hansen–Mullen conjecture is true if
1. q is odd and nX7; or
2. q is even and ðn; aÞað4; 0Þ; ð5; 0Þ; ð6; 0Þ:
As an asymptotic result, Fan and Han proved in [4] that there exists a primitive
polynomial of degree n over Fq with the mth ð0omonÞ coefﬁcient prescribed for q–
large enough except that m ¼ nþ1
2
if n is odd or m ¼ n
2
; n
2
þ 1 if n is even . It convinces
us that Hansen–Mullen conjecture is actually true.
In fact, Han [6] proved that there is a primitive polynomial of degree n over Fq
with the ﬁrst and second coefﬁcients prescribed if q is odd and nX7: Furthermore,
Han [8] also obtained the following result:
Theorem 2 (Han [8]). For lop; there exists a primitive polynomial over Fq of degree n
with the first l coefficients prescribed if q is large enough and n42l:
The main idea in the proof of Theorem 2 is that the lth ð0olopÞ coefﬁcient of the
primitive polynomial can be expressed in terms of traces of powers of its roots. But
for lXp; we must cope with the inevitable problems relating to the characteristic in
ﬁnite ﬁelds. In this paper, we will take l ¼ 3 for example to illustrate how we can
solve the problems by transferring the working to Galois rings.
By Theorem 2, when p43; there exists a primitive polynomial of degree n with the
ﬁrst three coefﬁcients prescribed if q is large enough and nX7: It is natural to ask the
following question:
Question 3. When p ¼ 2 and 3; whether there exists a primitive polynomial over Fq
of degree n with the first three coefficients prescribed for q large enough if nX7?
Suppose the answer to Question 3 is positive, we naturally want to ask further:
Question 4. Whether there exists a primitive polynomial over Fq of degree n with the
first three coefficients prescribed if nX7?
In an excellent survey paper on primitive elements and polynomials, Cohen [2]
discussed the distribution of primitive polynomials in more detail and asked the
following more general question:
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Question 5 (Cohen). Whether there is some function cðnÞ such that there exists a
primitive polynomial over Fq of degree n with IcðnÞm coefficients prescribed.
In fact, we obtained that there exists a primitive polynomial of degree n over Fq
with the ﬁrst In1
2
m coefﬁcients prescribed for q large enough. The proof covers the
theory of p-adic formal series and we will present the results in another paper [5]. So
the answer to Question 3 is positive because of the result in [5]. In this paper,
however, we will prove it in a quite different way. We will ﬁrst translate the
existences of primitive polynomials over Fq into the existence of primitive element
solutions of some system of equations over Galois ring GRð p2; kÞ: Then we will
discuss whether the number of the primitive element solutions of the system of
equations is larger than zero or not by using the estimates of character sums over
Galois rings [12,14].
The paper is arranged as follows. First we give a short review on character sums
over Galois rings. In Section 3, we ﬁrst give a generalization of Cohen’s sieve. By
combining it with the estimates of character sums over Galois rings, we try to obtain
a better inequality which gives the conditions on q that the answer to Question 4 is
positive. As a corollary, we prove that the answer to Question 3 is positive. In
Section 4, we make a more precise analysis of the conditions to reduce the bound of q
to the size we can handle with computers. At last, we ﬁnish our work by searching
and computing to prove the existence for those q’s which do not satisfy the
conditions. We prove that there exists a primitive polynomial over Fq of degree n
with the ﬁrst three coefﬁcients prescribed if nX8:
2. Character sums over Galois rings
2.1. Galois rings of characteristic pe
Let eX1 be a ﬁxed integer, p a prime number. A monic polynomial f ðxÞAZpe ½x is
said to be a basic irreducible polynomial of degree k if f ðxÞmod pAZp½x is a monic
irreducible polynomial of degree k: Galois ring Re;k ¼ GRð pe; kÞ is the unique
unramiﬁed extension of degree k over Zpe and can be written as Zpe ½x=ð f ðxÞÞ; where
f ðxÞ is a basic irreducible polynomial of degree k over Zpe : Re;k is a local ring with
unique maximal ideal pRe;k: The unit set R

e;k ¼ Re;k\ pRe;k in Re;k is a multiplicative
group with the following structure:
Re;k ¼ Zpk1 
 Zpe1 
?
 Zpe1|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
k copies
when p is odd or p ¼ 2 and e ¼ 2: When p ¼ 2 and eX3; the group structure of
Re;k is:
Re;k ¼ Z2k1 
 Z2 
 Z2e2 
 Z2e1 
?
 Z2e1|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
k1 copies
:
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Let bk is a generator of the cyclic group Zpk1 in Re;k: Deﬁne Ge;k ¼
f0; 1; bk;y; bp
k2
k g: It can be shown that every element zARe;k has a unique p-adic
representation:
z ¼ z0 þ pz1 þ?þ pe1ze1; ziAGe;k:
Deﬁne the canonical projective map from Re;k to Ge;k by
fðzÞ ¼ z0:
Let n40 be an integer and tk the Frobenius map of Re;nk over Re;k given by
tkðbÞ ¼ bp
k
0 þ pbp
k
1 þ?þ pe1bp
k
e1
for b ¼Pe1i¼0 pibiARe;nk; where biAGe;nk: As we know, tk is the generator of the
Galois group of Re;nk=Re;k which is a cyclic group of order n: The trace mapping
Tre;nk;kðÞ: Re;nk-Re;k is deﬁned via
Tre;nk;kðxÞ ¼ x þ tkðxÞ þ?þ tn1k ðxÞ
for xARe;nk:
2.2. Characters over Galois rings
Now we give a few basic facts on the additive and multiplicative characters over
Galois rings.
2.2.1. Additive characters over Galois rings
An additive character of Re;k is a homomorphism from the additive group of Re;k
to C; the multiplicative group of complex ﬁeld. Deﬁne cðcÞ ¼ e2piTre;k;1ðcÞ=pe for any
given element c in Re;k: It is easily seen that c is an additive character of Re;k; called
the canonical additive character. For aARe;k; deﬁne caðcÞ ¼ cðacÞ; cARe;k: ca is also
an additive character. In fact, we have
Lemma 6. fcagaARe;k consists of all the additive characters of Re;k:
Proof. It is obvious that we only need to prove a ¼ 0 if and only if ca is trivial.
Suppose aa0; a ¼ plu; where uARe;k; 0plpe  1 such that Tre;k;1ðacÞ ¼ 0 for all
cARe;k: We have pl Tre;k;1ðucÞ ¼ 0 for all cARe;k; hence pl Tre;k;1ðcÞ ¼ 0 for all
cARe;k: Since Tre;k;1ðÞ : Re;k-Zpe is surjective, there exists c0ARe;k such that
Tre;k;1ðc0Þ ¼ 1: This gives pl ¼ 0; a contradiction. &
Lemma 7. Let aARe;k; c be the canonical additive character of Re;k: Then
X
cARe;k
ccðaÞ ¼
qe if a ¼ 0;
0 if aa0:

ARTICLE IN PRESS
Fan Shuqin, Han Wenbao / Finite Fields and Their Applications 10 (2004) 36–52 39
Lemma 8. Let aARe;k; c be the canonical additive character of Re;k: ThenX
cAGe;k
ccð pe1aÞ ¼
q if a ¼ 0 mod p;
0 otherwise:

2.2.2. Multiplicative characters over Galois rings
In Galois ring Re;nk; the set of elements Ge;nk ¼ Ge;nk\f0g forms a multiplicative
cyclic group with order qn  1: Let g be a ﬁxed primitive element of Ge;nk; the
canonical multiplicative character w can be deﬁned by wðglÞ ¼ e2pil=qn1 for
0plpqn  2: For 0pjpqn  2; deﬁne wjðglÞ ¼ wðgljÞ: wj’s are all the multiplicative
characters of Ge;nk and form a cyclic group with q
n  1 elements. It is familiar that
the order of each character wj is a divisor of q
n  1:
Deﬁnition 9. Let rjqn  1; xAGe;nk: We say x is not any kind of rth power, that is,
x ¼ rd ; rAGe;nk; djr only if d ¼ 1:
It is easy to see that when r ¼ qn  1; x is not any kind of rth power if and only if x
is a primitive element of Ge;nk:
Lemma 10. Let rjqn  1; xAGe;nk: We have:X
djr
mðdÞ
jðdÞ
X
wðdÞ
wðdÞðxÞ ¼
r
jðrÞ if x is not any kind of rth power;
0 otherwise:
(
where mðÞ is the Mo¨bius function and jðÞ is the Euler function, wðdÞ runs through all
the jðdÞ multiplicative characters over Ge;nk with order d:
Proof. In the following formula, g runs through all the distinct prime divisors of r:
X
djr
mðdÞ
jðdÞ
X
wðdÞ
wðdÞðxÞ ¼
Y
gjr
1þ mðgÞ
jðgÞ
X
wðgÞ
wðgÞðxÞ
0
@
1
A:
If x is not any kind of rth power, then
Y
gjr
1þ mðgÞ
jðgÞ
X
wðgÞ
wðgÞðxÞ
0
@
1
A ¼Y
gjr
1þ 1
jðgÞ
 
¼ r
jðrÞ:
Otherwise, there exists a prime number g j r
orderðxÞ so that
P
wðgÞ w
ðgÞðxÞ ¼ jðgÞ; hence
Y
gjr
1þ mðgÞ
jðgÞ
X
wðgÞ
wðgÞðxÞ
0
@
1
A ¼ 0: &
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2.3. Estimates of character sums over Galois rings
Let hðxÞ be a polynomial over Re;nk with hð0Þ ¼ 0 and hðxÞ not identically 0; and
let hðxÞ ¼ h0ðxÞ þ h1ðxÞp þ?þ he1ðxÞpe1 be the p-adic expansion of hðxÞ;
where hiðxÞ is a polynomial of degree di with coefﬁcients in Ge;nk for i ¼ 0; 1;y; e  1:
Deﬁne the weighted e-degree of hðxÞ by DeðhðxÞÞ ¼ maxðd0pe1; d1pe2;y; de1Þ:
Deﬁnition 11. Let hðxÞ be a polynomial as above and hiðxÞ ¼
Pdi
j¼0 hi;jx
j; hi;jAGe;nk:
hðxÞ is called nondegenerate if
hi;j  0; if j  0 ðmod pÞ; 0pjpdi; 0pipe  1:
Various kinds of character sums over Galois rings are investigated, see for
example [12,14], etc. Here we give two theorems from [14] in a little different form for
our later use. These results are analogous to Weil estimates on character sums over
ﬁnite ﬁelds.
Theorem 12 (Kumar et al. [12] and Li [14]). Let f ðxÞARe;nk½x be nondegenerate
with weighted e-degree Deð f ðxÞÞ and ce;nk a nontrivial additive character of Re;nk:
Then
X
xAGe;nk
ce;nkð f ðxÞÞ

pðDeð f ðxÞÞ  1Þqn=2:
For the twisted character sums, we have
Theorem 13 (Li [14]). Let f ðxÞARe;nk½x be nondegenerate with weighted e-degree
Deð f ðxÞÞ; ce;nk a nontrivial additive character of Re;nk and w a nontrivial multiplicative
character of Ge;nk: Then
X
xAG
e;nk
ce;nkð f ðxÞÞwðxÞ

pDeð f ðxÞÞqn=2:
3. Estimates and Cohen’s sieve
Let f˜ðxÞ be a monic polynomial of degree n over Re;k: f˜ðxÞ is called basic
irreducible if f˜ðxÞmod p is an irreducible polynomial of degree n over Fq: For a
monic polynomial f˜ðxÞARe;k½x of degree n with f˜ð0Þa0 mod p; there exists a smallest
positive integer T such that f˜ðxÞjxT  1: We call T the period of f˜ðxÞ over Re;k:
Let f ðxÞAFq½x be a primitive polynomial of degree n: By Hensel lemma, there
exists a unique polynomial f˜ðxÞARe;k½x of degree n such that f ðxÞ  f˜ðxÞmod p and
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the period of f˜ðxÞ is qn  1: f˜ðxÞ is called the lifting primitive polynomial of f ðxÞ: On
the other hand, if f˜ðxÞARe;k½x is a monic polynomial with period qn  1; it is easily
seen that f ðxÞ  f˜ðxÞmod p is a primitive polynomial over Fq: So the primitive
polynomials over Fq of degree n and the monic polynomials over Re;k with period
qn  1 are one-to-one correspondence. Now we give the following deﬁnition:
Deﬁnition 14. Let f ðxÞARe;k½x be a monic polynomial of degree n: f ðxÞ is called
a lifting primitive polynomial if the period of f ðxÞ over Re;k is qn  1:
By the discussions above, we only need to consider the lifting primitive
polynomials over Re;k: We reformulate Question 3 using Galois rings.
Question 3 over Galois rings. Let p ¼ 2; 3 and f be the canonical projective map
from Re;k to Gk: For any given a1; a2; a3AGk; whether there exists a lifting primitive
polynomial f ðxÞ ¼ xn  s1xn1 þ?þ ð1Þnsn over Re;k of degree n with the ﬁrst
three coefﬁcients si ði ¼ 1; 2; 3Þ such that fðsiÞ ¼ ai if q is large enough.
In Lemma 15, we will express the coefﬁcients of the lifting primitive polynomial
over Galois rings in terms of traces of powers of its roots. In the case of Galois rings,
we can avoid the inevitable problems relating to the characteristic in handling the
trace conditions in ﬁnite ﬁelds.
Lemma 15. Let f ðxÞ ¼ xn  s1xn1 þ?þ ð1ÞnsnARe;k½x be a basic irreducible
polynomial such that f ðxÞjxqn1  1; x a root of f ðxÞ in Re;nk: We have
s1 ¼ Tre;nk;kðxÞ; ð1Þ
2s2 ¼ Tr2e;nk;kðxÞ  Tre;nk;kðx2Þ ð2Þ
and
3!s3 ¼ 2Tre;nk;kðx3Þ  3Tre;nk;kðxÞTre;nk;kðx2Þ þ Tr3e;nk;kðxÞ; ð3Þ
where Tre;nk;kðÞ is the trace map from Re;nk to Re;k:
Proof. Note that if x is a root of f ðxÞ in Re;nk; then x; xq;y; xqn1 are all the roots of
f ðxÞ in Re;nk: &
Now we translate the existence of the lifting primitive polynomial over Re;k with
the canonical projective map of the ﬁrst three coefﬁcients prescribed into the
existence of primitive element solutions in Ge;nkof some system of trace equations
over Re;k as in [6,8,9], where e ¼ 2 for p ¼ 2; 3:
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Proposition 16. Let p ¼ 2; 3 and
m ¼ 2 if p ¼ 3;
3 if p ¼ 2:

If the system of equations
Tr2;nk;kðxÞ ¼ a1 þ pb1 ¼ d1;
Tr2;nk;kðxmÞ  am ¼ dm mod p

ð4Þ
has a primitive element solution in G2;nk for any given a1; b1; amAG2;k; there exists a
lifting primitive polynomial over R2;k of degree n with the canonical projective map of
the first three coefficients prescribed.
Proof. We only prove the case p ¼ 2: The proof of the case p ¼ 3 is similar. Let
x be a primitive element solution in G2;nk of Eq. (4) and
f ðxÞ ¼ ðx  xÞðx  xqÞyðx  xqn1Þ
¼ xn  s1xn1 þ?þ ð1Þnsn:
It is obvious that f ðxÞ is a lifting primitive polynomial of degree n over R2;k: On the
other hand, it is easy to verify that Tr2;nk;kðxpÞ ¼ ap1 þ pbp1 if Tr2;nk;kðxÞ ¼ a1 þ pb1:
Substitute Eq. (4) into Eqs. (1)–(3), we have
s1 ¼ a1 mod 2;
s2 ¼ b21 mod 2;
s3 ¼ a3 þ a31 þ a1b21 mod 2:
8><
>:
It is easy to see that ðfðs1Þ;fðs2Þ;fðs3ÞÞ run across G32;k if ða1; b1; a3Þ run across G32;k;
where f is the canonical projective map from R2;k to G2;k: This ﬁnishes the
proof. &
Recall that in [9], we have
Proposition 17 (Han [9]). If the system of equations
Trnk;kðxÞ ¼ a1;
Trnk;kðx2Þ ¼ a2;
Trnk;kðx3Þ ¼ a3
8><
>: ð5Þ
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has a primitive element solution in Fqn for any given a1; a2; a3AFq; there exists
a primitive polynomial over Fq of degree n with the first three coefficients prescribed
for p43; where Trnk;kðÞ is the trace from Fqn to Fq:
In fact, we can view Fq; Fqn as Ge;k;Ge;nk respectively when e ¼ 1 so that we can
deal with both p43 and p ¼ 2; 3 in the language of Galois rings.
Let rjqn  1 and deﬁne
SðrÞ ¼ fxAGe;nkjx is a solution of (4) (resp. (5)), and x is not any kind of rth power
in Ge;nkg:
For e1jqn  1; e2jqn  1;
Sðe1Þ-Sðe2Þ ¼ Sð½e1; e2Þ;
Sðe1Þ,Sðe2Þ ¼ Sððe1; e2ÞÞ:
where ½e1; e2 and ðe1; e2Þ denote the least common multiple and the greatest common
factor of e1 and e2 respectively. So
jSð½e1; e2Þj ¼ jSðe1Þj þ jSðe2Þj  jSððe1; e2ÞÞj: ð6Þ
Now we give a generalization of (6). Let
qn  1 ¼ pg11?pgss ;
where p1;y; ps are distinct prime divisors of qn  1: Let t0; t1;y; tl1; tl ; lps be
nonnegative integers such that,
0pt0ot1o?otl1otl ¼ s:
Denote
ei ¼ pg11?p
gt0
t0 p
gti1þ1
ti1þ1?p
gti
ti for i ¼ 1;y; l; ð7Þ
and
e0 ¼ pg11?p
gt0
t0
: ð8Þ
Lemma 18. Let e0; e1;y; el be defined as above. Then we have
jSðqn  1Þj ¼ jSð½e1;y; el Þj ¼ jSðe1Þj þ?þ jSðelÞj  ðl  1ÞjSðe0Þj:
Proof. We use induction on l: When l ¼ 2; it is (6). Suppose the case for l  1: Let
el10 ¼ ðel1; elÞ=e0:
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Then
el10 ¼ ½el1; el :
So
jSðqn  1Þj ¼ jSð½e1;y; el10Þj ¼ jSðe1Þj þ?þ jSðel10Þj  ðl  2ÞjSðe0Þj
¼ jSðe1Þj þ?þ jSðel2Þj þ jSðel1Þj þ jSðelÞj  ðl  1ÞjSðe0Þj: &
We now estimate the number of primitive element solutions of (4) (resp. (5)) in
G2;nk; which we denote by Nq;n: It is obvious that Nq;n ¼ jSðqn  1Þj: For
convenience, we only deal with p ¼ 2; 3: Similarly we can deal with p43:
Let c2;k be the canonical additive character of R2;k; c2;nk ¼ c2;k3Tr2;nk;k be the
canonical additive character of R2;nk and wðdÞ runs through all the multiplicative
characters over G2;nk with order d: From Lemmas 7, 8 and 10
q3jSðeiÞj ¼ yðeiÞ
X
xAG
2;nk
X
c1AR2;k
c2;kðc1ðTr2;nk;kðxÞ  d1ÞÞ


X
cmAG2;k
c2;kð pcmðTr2;nk;kðxmÞ  dmÞÞ 

X
djei
mðdÞ
jðdÞ
X
wðdÞ
wðdÞðxÞ
¼ yðeiÞ
X
djei
mðdÞ
jðdÞ
X
wðdÞ
X
c1AR2;k
cmAG2;k
c2;kðc1d1  pcmdmÞLðc1; cm; wðdÞÞ
¼ yðeiÞ
X
djei
Yd ;
where
yðeiÞ ¼ jðeiÞ
ei
;
Yd ¼ mðdÞjðdÞ
X
wðdÞ
X
c1AR2;k
cmAG2;k
c2;kðc1d1  pcmdmÞLðc1; cm; wðdÞÞ;
and
Lðc1; cm; wðdÞÞ ¼
X
xAG
2;nk
c2;nkðc1xþ pcmxmÞwðdÞðxÞ:
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By Lemma 18,
q3Nq;n ¼ q3
Xl
i¼1
jSðeiÞj  ðl  1ÞjSðe0Þj
 !
¼
Xl
i¼1
yðeiÞ
X
djei
Yd  ðl  1Þyðe0Þ
X
dje0
Yd
¼
Xl
i¼1
yðeiÞ  ðl  1Þyðe0Þ
 !
Y1 þ
Xl
i¼1
yðeiÞ  ðl  1Þyðe0Þ
 ! X
dje0;da1
Yd
þ
Xl
i¼1
yðeiÞ
X
djei ;d[e0
Yd :
Let f ðxÞ ¼ c1x þ pcmxm; f ðxÞAR2;k½x: It is easy to check that f ðxÞ is
nondegenerate and the weighted e-degree Deð f ðxÞÞp3 if f ðxÞa0: We discuss the
terms in the above equation separately.
1. If d ¼ 1;
mðdÞ
jðdÞ ¼ 1:
(a) if f ðxÞ ¼ 0; i.e., c1 ¼ 0 and cm ¼ 0; c1AR2;k; c2AG2;k: Then
c2;kðc1d1  pcmdmÞ ¼ 1
and
Lðc1; cm; wð1ÞÞ ¼ qn  1:
(b) if f ðxÞa0; i.e., c1a0 or cma0; from Theorem 12,
jLðc1; cm; wð1ÞÞj ¼
X
xAG
2;nk
c2;nkð f ðxÞÞ


p ðDeð f ðxÞÞ  1Þqn=2 þ 1p3qn=2:
So
Y1Xqn  1 3ðq3  1Þqn=2:
2. If d41;
(a) if f ðxÞ ¼ 0;
Lðc1; cm; wðdÞÞ ¼
X
xAG
2;nk
wðdÞðxÞ ¼ 0:
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(b) if f ðxÞa0; from Theorem 13,
jLðc1; cm; wðdÞÞj ¼
X
xAG
2;nk
c2;nkð f ðxÞÞwðdÞðxÞ


pDeð f ðxÞÞqn=2p3qn=2:
On the other hand, the total number of multiplicative character wðdÞ is jðdÞ: So
jYd jp3ðq3  1Þqn=2:
Denote the number of the distinct prime divisors of ei by oðeiÞ; we have
q3Nq;nX
Xl
i¼1
yðeiÞ  ðl  1Þyðe0Þ
 !
ðqn  1Þ
 3
Xl
i¼1
yðeiÞ  ðl  1Þyðe0Þ

ðq3  1Þ2oðe0Þqn=2
 3
Xl
i¼1
yðeiÞð2oðeiÞ  2oðe0ÞÞðq3  1Þqn=2:
By simplifying it, we have Nq;n40 if
Pl
i¼1 yðeiÞ  ðl  1Þyðe0Þ40 and
q
n
234
3
Pl
i¼1 yðeiÞð2oðeiÞ  2oðe0ÞÞPl
i¼1 yðeiÞ  ðl  1Þyðe0Þ
þ 3  2oðe0Þ:
For i ¼ 1; 2;y; l; let Ei ¼ ei=e0; then Nq;n40 if we can choose suitable e0; e1;y; el
such that
Pl
i¼1 yðEiÞ  ðl  1Þ40 and
q
n
2343  2oðe0Þ
Pl
i¼1 yðEiÞð2oðEiÞ  1ÞPl
i¼1 yðEiÞ  ðl  1Þ
þ 1
 !
: ð9Þ
Remark 19. Similarly, when pX5; we can also obtain inequality (9).
So we have
Theorem 20. Let e0; E1;y; El be defined as above. Nq;n40 if
Pl
i¼1 yðEiÞ  ðl  1Þ40
and inequality (9) hold.
Here we give two special cases of inequality (9).
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Let e0 ¼ qn  1: Then inequality (9) becomes
q
n
2343  2oðqn1Þ: ð10Þ
On the other hand, let e0 ¼ pg11?p
gt0
t0 ; Ei ¼ p
gt0þi
t0þi for i ¼ 1;y; l ¼ s  t0: If we can
choose suitable t0 such that
Xs
i¼t0þ1
pi  1
pi
 ðl  1Þ40; ð11Þ
then inequality (9) can be rewritten as
q
n
2343  2t0
Ps
i¼t0þ1
pi1
piPs
i¼t0þ1
pi  1
pi
 ðl  1Þ
þ 1
0
BB@
1
CCA:
i.e.,
q
n
2343  2t0 l  1Ps
i¼t0þ1
pi1
pi
 ðl  1Þ þ 2
 !
: ð12Þ
Proposition 21. Nq;n40 if inequality (10) or inequality (11), (12) hold.
Following the method introduced by Lenstra and Schoof [13], if
n
2
43; ð13Þ
inequality (10) holds for q large enough. So we have
Theorem 22. For any given nX7; there exists a constant CðnÞ such that there exists
a primitive polynomial f ðxÞ ¼ xn  a1xn1 þ?þ ð1Þnan over Fq of degree n with
the first three coefficients a1; a2; a3 prescribed if qXCðnÞ:
In next section, we will make a more precise analysis and do some computation
to see when inequality (10) or inequality (11), (12) hold for nX7: In order to
give the answer to Question 4, we need to reduce the bound of constant CðnÞ
and n small enough so that we can handle those q’s such that qoCðnÞ with
computers.
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4. Computation
To obtain a ﬁrst lower bound on q which ensures Nq;n40; we ﬁrst investigate
when inequality (10) holds. We proceed as in Section 3 of [6]. Let u ¼ ð12  3nÞ1;
we have
Proposition 23. Let nX7: Then Nq;n40 if
oðqn  1ÞXAn:
where An is taken from Table 1 and oðqn  1Þ is the number of the distinct prime
divisors of qn  1:
Proof. We only take nX12 as an example. In this case, we have up4: Inequality (10)
holds if
qn434  24oðqn1Þ:
In fact, if oðqn  1ÞX19;
qn4 qn  1X 2
 3
 5
?
 67|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
19 primes

24ðoðqn1Þ19Þ
4 34  24oðqn1Þ: &
From Proposition 23 we only need to consider those q’s such that oðqn  1ÞoAn:
Now we discuss when inequality (11), (12) hold for oðqn  1ÞoAn:
In fact, we can get the following proposition:
Proposition 24. Let nX7: Then Nq;n40 if
q
n
23XBn:
where Bn are taken from Table 2.
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Table 1
The bounds of oðqn  1Þ
n X12 11 10 9 8 7
u p4 22
5
5 6 8 14
An 19 24 32 54 156 5217
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Proof. We also take nX12 for example. From Proposition 23 we only need to
consider those q’s such that oðqn  1ÞoAn: If oðqn  1ÞX3; let t0 ¼ 3: It is easy to
compute
X18
i¼4
P½i  1
P½i  14 ¼
6
7
þ?þ 60
61
 14X0:319:
where P½i is the ith prime in the table of primes. Obviously we have
Xs
i¼t0þ1
pi  1
pi
 ðl  1ÞX
X18
i¼4
P½i  1
P½i  14X0:319:
If
q
n
23X3  23  46X3  23  14
0:319
þ 2
 
;
then inequality (12) holds so that Nq;n40: On the other hand, if oðqn  1Þo3; we
only need
qn=23X3  23  4643  2oðqn1Þ
to ensure that inequality (10) holds. So we have Nq;n40 if q
n
23XBn: The proofs of
other n’s are similar. &
From Proposition 24, we only need to consider those qn’s such that q
n
23oBn:
Factoring qn  1 to check inequality (10) or inequality (11), (12), we have
Proposition 25. Let nX8: We have Nq;n40 except the possible ðq; nÞ in Table 3.
Table 2
The bounds of q
n
23
n s t0 l
Ps
i¼t0þ1
pi1
pi
 ðl  1Þ Bn
X12 p18 3 p15 X0:319 3  23  46
11 p23 3 p20 X0:252 3  23  78
10 p31 4 p27 X0:318 3  24  84
9 p53 5 p48 X0:287 3  25  166
8 p155 7 p148 X0:218 3  27  676
7 p5216 17 p5199 X0:052 3  217  98884
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For each ðq; nÞ in Table 3, we design a C program to search a primitive polynomial
of degree n over Fq with the ﬁrst three coefﬁcients prescribed and ﬁnd Nq;n40: So
we have
Theorem 26. There exists a primitive polynomial of degree n over Fq with the first
three coefficients prescribed in advance if nX8:
Remark 27. We can also use our method to deal with the case n ¼ 7; but the reduced
bound of qn  1 is too large to be handled since the limited computing resource.
We believe that Theorem 26 also holds for the case n ¼ 7:
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